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AN ALGEBRAIC DESCRIPTION OF THE BISPECTRALITY OF THE
BIORTHOGONAL RATIONAL FUNCTIONS OF HAHN TYPE
SATOSHI TSUJIMOTO, LUC VINET, AND ALEXEI ZHEDANOV
Abstract. The biorthogonal rational functions of the 3F2 type on the uniform grid provide the
simplest example of rational functions with bispectrality properties that are similar to those of
classical orthogonal polynomials. These properties are described by three difference operators
X,Y,Z which are tridiagonal with respect to three distinct bases of the relevant finite-dimensional
space. The pairwise commutators of the operators X,Y,Z generate a quadratic algebra which is
akin to the algebras of Askey-Wilson type attached to hypergeometric polynomials.
1. Introduction
Among the families of biorthogonal rational functions [1], [2], [3], some classes of particular
interest are those that are bispectral namely, those where the functions satisfy both a recurrence
relation and a differential/difference equation. This paper explores the algebraic characterization
of this feature for biorthogonal rational functions through the study of those of Hahn type [4]. We
may remark that related q-rational functions have been studied in [6] using symmetry techniques.
The algebraic description of bispectrality in the case of orthogonal polynomials is well developed
especially for the families that belong to the Askey scheme [7] and its Bannai-Ito extension [8].
It centers around the Askey-Wilson algebra [9] and its contractions and specializations. These
algebras are realized by the bispectral operators in either the variable or the degree representation.
In finite dimensions these operators form the so-called Leonard pairs which underpins the Leonard
duality of the polynomials of the Askey scheme. Let us recall that a Leonard pair [10] roughly
amounts to two linear operators that are each tridiagonal in an eigenspace of the other and that
polynomials enjoying the Leonard duality [11] are such that their duals, obtained by exchanging
the variable and the degree, are also orthogonal.
Biorthogonal functions naturally arise from generalized eigenvalue problems (GEVPs) of the
form LU(x) = λMU(x) where L and M are two operators acting on functions of a variable x
and λ is the eigenvalue. It is understood that rational functions occur as solutions of the GEVP
[5] when the two operators L and M act tridiagonally in a certain basis. We wish to develop
the understanding of bispectral situations in this context. From the study of a simple case, we
contend that bispectrality rests on the presence of three operators to be denoted X , Y and Z
that act tridiagonally on the given set of biorthogonal rational functions. In the case at hand,
we shall observe that the difference equation and the recurrence relation emerge from the GEVPs
associated respectively to the pairs (X,Y ) and (X,Z). This triplet, albeit with distinct features, is
hence playing for bispectral biorthogonal rational functions a role analogous to the one of Leonard
pairs for orthogonal polynomials. The algebra realized by the triplet X , Y , Z attached to the 3F2
rational functions is quadratic and poised to encode the bispectral properties of these biorthogonal
set much like the Askey-Wilson algebra and its specializations do for the hypergeometric orthogonal
polynomials.
The paper will unfold as follows. The triplet of operators X , Y , Z is introduced next in
Section 2. It will be explained that these belong to the class of rational Heun operators on the
uniform lattice. The rational functions Un(x;α,β,N) of the 3F2 type will be explicitly obtained
in Section 3 as solutions of the GEVP involving X and Y . This will be achieved using the action
of these operators in a basis defined by ratios of two Pochhammer symbols. That X , Y and Z all
generate shifts by one of the parameter α in Un(x;α,β,N) will then be observed. The biorthogonal
partners Vn(x;α,β,N) will be identified in Section 4 with the help of the symmetry properties of
the hypergeometric weight distribution. Section 5 will provide the tridiagonal action of the triplet
(X,Y,Z) on the set of functions Un(x;α,β,N). How their difference equation and recurrence
relation are obtained from GEVPs associated to the triplet (X,Y,Z) is the object of Section 6.
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The algebra realized by these operators is described in Section 7 and Section 8 will consist of
concluding remarks.
2. A triplet of difference operators
Let us introduce the difference operators
X(α,β) = (x − α)I − xT −, (2.1)
Z(α,β) = −I +
x
x − α
T − = (α − x)−1X, (2.2)
Y (α,β) = A1(x)T + +A2(x)T − +A0(x)I (2.3)
where
A1(x) = (x − α)(x −N)(x + 1 − α), A2(x) = x(x − α)(x + β − α −N),
A0(x) = (x − α) (−2x2 + (2α − 1 + 2N − β)x −N (α − 1)) . (2.4)
Note that Y (α,β) has (x − α) as a global factor. In (2.1)-(2.3) we use the notation
T ±f(x) = f(x ± 1), If(x) = f(x). (2.5)
As indicated in the Introduction these three operators will be central in our study. In the spirit of
our recent analysis of rational Heun operators [12], they can be viewed as belonging to the set of
operators that satisfy the rational Heun property on the linear grid. Let us elaborate a little on
this remark.
Rational functions of type [n/n] consist in ratios of two coprime n-th order polynomials. The
rational Heun operators were introduced in [12] as operators W transforming any function of
type [n/n] with poles at prescribed locations a1, a2, . . . , an to a function of type [(n + 1)/(n + 1)]
with poles at a1, a2, . . . , an, an+1. Roughly speaking these operators exhibit a “raising” property
according to which a pole at x = an+1 is added to those at a1, a2, . . . , an.
The rational Heun operators acting on the Askey-Wilson grid were constructed in [12] (see also
[13]) and seen to lead to the Wilson biorthogonal functions of type 10Φ9 [1]. Here we consider the
simplest case of the linear grid with poles at xn = α+n−1, n = 1,2, . . . .The second-order operators
in that class are of the form
W = A1(x)T + +A2(x)T − +A0(x)I, (2.6)
with the functions A0(x),A1(x),A2(x) such thatW transforms any elementary rational monomial(x−α−n)−1 into a linear combination of the monomials 1, (x−α)−1, (x−α−1)−1, . . . , (x−α−n−1)−1.
When A1(x) = 0,W is in fact a first-order difference operator. It is easily verified that the operators
X(α,β), Z(α,β) and Y (α,β) given in (2.1), (2.3) and (2.2) respectively, all meet this criterion. More
precisely we have for n = 0,1,2, . . .
X(α,β){(x − α − n)−1} = n
x − α − n
−
1 + α + n
x − 1 − α − n
, (2.7)
Z(α,β){(x − α − n)−1} = − α(1 + n) (x − α) −
1
x − α − n
+
1 + α + n
(1 + n) (x − 1 − α − n) (2.8)
and
Y (α,β){(x − α − n)−1} = β + 1 + κ
(1)
n
x − α − n + 1
+
κ
(2)
n
x − α − n
+
κ
(3)
n
x − α − n − 1
, (2.9)
where the residues κ
(1)
n , κ
(2)
n , κ
(3)
n are cubic polynomials in n.
As shall be seen these special rational Heun operators possess remarkable factorization properties
in bases of interest. We will immediately call upon them to set up the GEVP that will possess as
solutions the biorthogonal rational functions we wish to concentrate on.
3. The rational functions of the 3F2 type as solutions of a generalized
eigenvalue problem
We wish to solve the GEVP:
Y (α,β)U = λX(α,β)U. (3.1)
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To that end we introduce the basis
ϕn(x;α) = (−x)n(α − x)n (3.2)
where (a)n = a(a + 1) . . . (a + n − 1) is the Pochhammer symbol (or the shifted factorial). It is
directly verified that the operators X(α,β), Y (α,β), Z(α,β) act in a tridiagonal fashion in this basis:
X(α,β)ϕn(x;α) = −nϕn+1(x;α) + (n − α)ϕn(x;α), (3.3)
Z(α,β)ϕn(x;α) = ϕn+1(x;α) −ϕn(x;α) (3.4)
and
Y (α,β)ϕn(x;α) = ν(1)n ϕn+1(x;α) + ν(2)n ϕn(x;α) + ν(3)n ϕn−1(x;α), (3.5)
where
ν(1)n = n
2(n + β −N),
ν(2)n = −2n
3 + [2(1 +N) + α − β]n2 + [−N − 1 + α(β −N)]n,
ν(3)n = n(N − n + 1)(α − n + 1). (3.6)
Note that in the basis formed by the functions ϕn(x;α), the operator Y (α,β) admits the factoriza-
tion
Y (α,β) =X(α,β)Y, (3.7)
where the matrix Y is bi-diagonal
Yϕn(x;α) = n(N − β − n)ϕn(x;α) + n(n −N − 1)ϕn−1(x;α). (3.8)
This property allows for an explicit hypergeometric solution of the GEVP (3.1). Indeed, assume
that U is expanded over the set of functions {ϕk(x;α), k = 0, . . . , n}. In that basis, thanks to (3.7),
we can factor out X(α,β) on both sides of (3.1) to convert the GEVP into the standard eigenvalue
equation
YUn = λnUn (3.9)
with the eigenvalue λn is given by
λn = n(N − β − n) (3.10)
in view of (3.8). Now write
Un =
n
∑
k=0
Cn,kϕk(x;α), (3.11)
it is readily seen using the action (3.8) of Y on the basis functions ϕk(x;α) that (3.9) implies the
following two-term recurrence relation for the coefficients Cn,k:
(k + 1)(k −N)Cn,k+1 = [n(N − β − n) − k(N − β − k)]Cn,k (3.12)
whose solution is found to be
Cn,k = Cn,0
(−n)k(β + n −N)k
k!(−N)k . (3.13)
Substituting into (3.11) and using the definition (3.2) of the functions ϕk(x;α), we thus arrive at
the following solutions of the GEVP (3.1):
Un(x;α,β,N) = (−1)
n(−N)n
(β + 1)n 3F2 (
−x,−n,β + n −N
−N,α − x
; 1) (3.14)
with eigenvalues λn given by (3.10). The coefficient Cn,0 has been chosen so that
lim
x→∞
Un(x;α,β,N) = 1. (3.15)
It is moreover manifest that Un(x;α,β,N) has simple poles at x = α,α+ 1, . . . , α+n− 1 and hence
we have:
Un(x;α,β,N) = 1 +
n−1
∑
k=0
ξnk
x − α − k
(3.16)
for some coefficients ξnk. These rational functions of the 3F2 type appear in the interpolation of
the ratio of two Gamma functions Γ(α−β−z)
Γ(α−z)
by rational functions with prescribed poles and zeros
(see [4] for details).
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The functions Un(x;α,β,N) will be the center of attention in this paper. Using their explicit
definition (3.14), it is straightforward to verify that the operators X(α,β), Y (α,β) and Z(α,β) all
have the effect of producing the shift α → α + 1 in one of the parameters of Un(x;α,β,N). More
precisely we have:
X(α,β)Un(x;α,β,N) = −α Un(x,α + 1, β,N), (3.17)
Y (α,β)Un(x;α,β,N) = αn(n + β −N)Un(x,α + 1, β,N), (3.18)
Z(α,β)Un(x;α,β,N) = α
x − α
Un(x,α + 1, β,N). (3.19)
This will prove an essential feature in the connection with the bispectral properties of these rational
functions of Hahn type. Before we look into that, we shall establish their biorthogonality.
4. Biorthogonality
With hindsight we introduce the hypergeometric distribution:
w(α,β)x =
(β − α −N + 2)N
(β −N + 1)N
(−N)x(1 − α)x
x!(β − α −N + 2)x ,
N
∑
x=0
wx = 1, (4.1)
whose normalization is checked with the help of the Chu-Vandermonde formula: 2F1(−n, b; c; 1) =
(c− b)n/(c)n. We can equip the space of rational functions L(α,β) involving two parameters α and
β and defined on the linear grid x = 0,1, . . . ,N with the scalar product:
(f(x), g(x))(α,β) =
N
∑
x=0
w(α,β)x f(x)g(x), f, g ∈ L(α,β). (4.2)
It proves useful to observe that the weight function w
(α,β)
x is invariant under the following trans-
formations denoted by S:
S ∶ x→ (N − x), α → (β + 2 − α), w(α,β)x → w(β+2−α,β)(N−x) = w(α,β)x . (4.3)
Now apply S to Un(x;α,β,N) to define the functions
Vn(x;α,β,N) = Un(N − x;β + 2 − α,β,N). (4.4)
We note that the poles of these rational functions are located at x = N + α − β − 2,N + α − β −
3, . . . ,N + α − β − n − 1. We also perform the inversions S on the operators X , Y and Z to obtain
the transformed operators X˜, Y˜ and Z˜ respectively. Let L be one of X , Y or Z. Note that in view
of the operation x → N − x, in the case of operators, the symmetries S must be accompanied by
the exchange T +↔ T − in going from L to L˜. One has the following identity:
(L(α−1,β)Un(x;α − 1, β,N), Vm(x;α,β,N)) = (Un(x;α,β,N), L˜(α+1,β)Vm(x;α + 1, β,N)) , (4.5)
which is readily proven by expressing the left hand side using the scalar product (4.2) and then
applying the transformations S to recover the right hand side.
Given that the functions Un(x;α,β,N) satisfy the GEVP Y (α,β)Un(x;α,β,N) = λnX(α,β)
Un(x;α,β,N) with λn = n(N−β−n), it is obvious that the functions Vn(x;α,β,N) will be solutions
of the GEVP Y˜ (α,β)Vn(x;α,β,N) = λnX˜(α,β)Vn(x;α,β,N) with the transformed operators and
the same eigenvalues. A simple argument then shows that the sets of functions {Un(x;α,β,N)}
and {Vn(x;α,β,N)} are biorthogonal partners. Dropping the spectator parameters in Un and Vn,
it goes like this:
(Y (α−1,β)Un(x;α − 1), Vm(x;α)) = λn (X(α−1,β)Un(x;α − 1), Vm(x;α))
= (Un(x;α), Y˜ (α+1,β)Vm(x;α + 1)) = λm (Un(x;α), X˜(α+1,β)Vm(x;α + 1)) . (4.6)
Observe as the notation suggests that the eigenvalues λn do not depend on the parameter α. It
thus follows that
(λn − λm) ((X(α−1,β)Un(x;α − 1), Vm(x;α)) = 0. (4.7)
Recalling from (3.17) that X(α−1,β)Un(x;α − 1) = −(α − 1)Un(x;α), this is seen to imply the
biorthogonality relations:
N
∑
x=0
w(α,β)x Un(x;α,β,N)Vm(x;α,β,N) = 0, if m ≠ n (4.8)
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with w
(α,β)
x given by (4.1). Thus, given the pair of operators X
(α,β) and Y (α,β) we could construct
explicitly the biorthogonal functions of Hahn type and obtained their orthogonality relations by
considering the associated GEVP. We shall now proceed to show how GEVPs involving the triplet
of operators (X(α,β), Y (α,β), Z(α,β)) characterize the bispectral properties of these functions. The
tridiagonal action of these operators on the functions Un(x;α,β,N) which we present next will be
key.
5. Tridiagonal actions of the triplet X,Y,Z
It is obvious from their definition that the operators X(α,β), Y (α,β), Z(α,β) are tridiagonal ma-
trices with respect to the basis
en(x) = δn,x (5.1)
defined on the finite uniform grid x = 0,1, . . . ,N . More exactly, the operator Y (α,β) is tridiagonal,
while the operators X(α,β) and Z(α,β) are bidiagonal (the upper off-diagonal is zero).
Consider anew the action of these operators on the rational functions Un(x;α,β,N). From the
contiguity relations of the 3F2(1) series in particular, one finds that (3.17), (3.18) and (3.19) can
be reexpressed as follows:
X(α,β)Un(x;α,β,N) = µ(1)n Un+1(x;α,β,N) + µ(2)n Un(x;α,β,N) + µ(3)n Un−1(x;α,β,N), (5.2)
Y (α,β)Un(x;α,β,N) = µ(4)n Un+1(x;α,β,N) + µ(5)n Un(x;α,β,N) + µ(6)n Un−1(x;α,β,N) (5.3)
and
Z(α,β)Un(x;α,β,N) = µ(7)n Un+1(x;α,β,N) + µ(8)n Un(x;α,β,N) + µ(9)n Un−1(x;α,β,N), (5.4)
where
µ(1)n =
n (β + n + 1) (N − β − n)
(N − β − 2n) (N − β − 2n − 1) , (5.5)
µ(2)n = −α − n +
β n (n − 1)+ n2 (n − 1)
N − β − 2n + 1
−
β n (n + 1)+ n (n + 1)2
N − β − 2n − 1
, (5.6)
µ(3)n =
n (N − β − n) (N − n + 1)
(N − β − 2n) (N − β − 2n + 1) , (5.7)
µ(7)n = −
(β + n + 1) (N − β − n)
(N − β − 2n) (N − β − 2n − 1) , (5.8)
µ(8)n =
(n + 1)β + (n + 1)2
N − β − 2n − 1
−
β n + n2
N − β − 2n + 1
, (5.9)
µ(9)n = −
n (N − n + 1)
(N − β − 2n) (N − β − 2n + 1) . (5.10)
As for the coefficients µ
(4)
n , µ
(5)
n , µ
(6)
n , they are proportional to the coefficients µ
(1)
n , µ
(2)
n , µ
(3)
n
as per equations (3.17)-(3.18):
µ(3+i)n = n(N − n − β) µ(i)n , i = 1,2,3. (5.11)
6. Bispectrality
We just saw that the operatorsX(α,β), Y (α,β), Z(α,β) are all tridiagonal in the basis Un(x;α,β,N).
This observation leads directly to the bispectrality of the rational functions Un(x;α,β,N). This
means that these functions satisfy a pair of GEVPs, one in the variable x with the eigenvalue de-
pending on n, referred to as the difference equation, the other in the degree n with the eigenvalue
depending on x, referred to as the recurrence relation.
6.1. Difference equation. Consider again the GEVP for the pair of the operators X(α,β) and
Y (α,β). We already know from Section (3) that the functions Un(x;α,β,N) are solutions of
Y (α,β)Un(x;α,β,N) = λnX(α,β)Un(x;α,β,N) (6.1)
with the eigenvalues given by
λn = n(N − n − β). (6.2)
Note that this fact is also borne out by the equations (3.17) and (3.18).
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Using the explicit expressions (2.1) and (2.3) of the operators X(α,β) and Y (α,β), the equation
(6.1) reads:
A1(x)Un(x + 1;α,β,N) +A2(x)Un(x − 1;α,β,N) +A3(x)Un(x;α,β,N) =
λn [(x − α)Un(x;α,β,N) − xUn(x − 1, ;α,β,N)] . (6.3)
This yields a second-order difference equation for the rational functions Un(x;α,β,N).
6.2. Recurrence relation. Take now the pair of the operators X(α,β) and Z(α,β). From (3.17)
and (3.18) it follows that the biorthogonal rational functions Un(x;α,β,N) satisfy another GEVP
namely,
X(α,β)Un(x) = (α − x)Z(α,β)Un(x;α,β,N). (6.4)
Using (5.2) and (5.4), this equation becomes
µ(1)n Un+1(x;α,β,N) + µ(2)n Un(x;α,β,N) + µ(3)n Un−1(x;α,β,N) =
(α − x) [µ(7)n Un+1(x;α,β,N) + µ(8)n Un(x;α,β,N) + µ(9)n Un−1(x;α,β,N)] (6.5)
This is recognized as a 3-term recurrence relation.
We thus see that both the recurrence relation and the difference equation of the rational functions
Un(x;α,β,N) arise as GEVPs associated to the two pairs of operators: (X(α,β), Y (α,β)) and
(X(α,β), Z(α,β)). This is how the triplet {X(α,β), Y (α,β), Z(α,β)} accounts for the bispectrality of
the biorthogonal rational functions of Hahn type.
6.3. Comparison with classical orthogonal polynomials. It is common to call classical, func-
tions that are solutions of a bispectral problem. Let us stress the striking differences in the expres-
sion of bispectrality that we are observing between the biorthogonal rational functions of Hahn
type and the classical orthogonal polynomials (OPs). In the case of OPs {Pn(x)}, there exists a
pair of operators X and Y bearing the name of Leonard (in the finite-dimensional case), such that
X is diagonal with respect to the basis ek(s) and that Y is tridiagonal in that same basis (see [10]
for details). This provides the second order difference equation
Y Pn(x(s)) = A1(s)Pn(x(s + 1))+A2(s)Pn(x(s)) +A3(s)Pn−1(x(s − 1)) = λnPn(x(s)) (6.6)
where x(s) is the orthogonality grid. In the basis Pn(x), in contrast, the operator X is tridiagonal
and Y is diagonal. This gives the recurrence relation that ensures orthogonality:
XPn(x) = Pn+1(x) + bnPn(x) + unPn−1(x). (6.7)
For the rational biorthogonal functions we have considered, there is a triplet of operators (X,Y,Z)
instead of a Leonard pair. Moreover, it is seen that in both the bases en(s) and Un(x;α,β,N)
each one of the operators X,Y,Z is tridiagonal. Importantly, in the basis en(x), the difference
operators X(α,β) and Z(α,β) are related to one another by the factor α − x which depends only
on x; while in basis Un(x;α,β,N) the operators X(α,β) and Y (α,β) are connected by the factor
λn = n(N −n−β) which depends only on n. This feature of the triplet {X,Y,Z} associated to the
classical rational functions of Hahn type can be viewed as an analog of the property (see above)
of the Leonard pairs attached to classical orthogonal polynomials. One will bear in mind that the
bispectral rational functions obey a couple of GEVPs while the classical OPs satisfy two regular
eigenvalue equations.
Finally, let us underscore that the basis ϕn(x;α) introduced in Section (3) plays for the rational
functions of Hahn type a role comparable to the split basis in the OP context [10]. In such
bases the operators X and Y of a Leonard pair are bidiagonal and this allows to obtain the
explicit hypergeometric expressions of the corresponding orthogonal polynomials. We observed
that the operator Y (α,β) given in (2.3) remains tridiagonal in the basis ϕn(x;α), however due to
the factorization property (3.7), solving the GEVP (6.1) again amounts to obtaining the solution
of a two-term recurrence relation.
Summing up we have found that the operatorsX(α,β), Y (α,β), Z(α,β) are tridiagonal (or bidiago-
nal) in three different bases: {en(x)}, Un(x;α,β,N) and {ϕn(x;α)}. Owing to special factorization
properties, the GEVP (6.1) and (6.4) either yield the explicit hypergeometric expression of these
biorthogonal rational functions or provide their difference equation and recurrence relation.
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7. The quadratic algebra realized by X(α,β), Y (α,β), Z(α,β)
The algebras realized by the recurrence and difference operators of the orthogonal hypergeo-
metric operators are said to be of the Askey-Wilson type [9] and have proven ubiquitous and of
prime interest. They encode the bispectral properties of the corresponding orthogonal polynomials
which are determined by the representation theory of these algebras. It is to be expected that the
relations obeyed by the operators X(α,β), Y (α,β), Z(α,β) define an algebra which we will denote RH
that will similarly embody most features of the biorthogonal rational functions of Hahn type. We
provide these relations below. For conciseness, we omit specifying the parameters. The relations
are obtained by direct computation using the definitions (2.1), (2.2), (2.3) and read:
[Z,X] = Z2 +Z, (7.1)
[X,Y ] = ξ1(X2 +Z2) + {X,Z} + {Y,Z} + ξ2X + ξ3Z + Y + ξ0I, (7.2)
[Y,Z] = 3X2 +Z2 + ξ1{X,Z} + ξ4X + ξ2Z + ξ0I, (7.3)
where {X,Y } ≡XY + Y X stands for the anticommutator, I is the identity operator and where
ξ1 = N − β, ξ0 = α(α − β), ξ2 = 1 + α (1 +N − β) , ξ3 = α + (α + 1)(N − β), ξ4 = 4α − 2β − 1. (7.4)
Manifestly this is quadratic algebra since all commutators are expressed as second order polyno-
mials in the non-commutative variables X,Y,Z.
It can be verified that the Casimir operator of the algebra thus defined is a cubic polynomial in
the generators X,Y,Z:
Q =X3 + ξ1Z3 +
ξ1
2
{X2, Z} + 2 {X,Z2} + 1
2
{Y,Z2}+
ξ4
2
X2 +
ξ1 + ξ3 + ξ4
2
Z2 +
ξ2 + 3
2
{X,Z} + 1
2
{Y,Z} + (ξ0 + 1/2)X + (ξ0 + ξ4/2)Z. (7.5)
In the realization provided by the difference operators (5.2)-(5.4), this Casimir operator is propor-
tional to the identity operator and becomes precisely:
Q =
α(β − α)
2
I. (7.6)
Remark 7.1. We noted in Section (4) that the operators X˜(α,β), Y˜ (α,β) and Z˜(α,β) which account
through GEVPs for the bispectrality of the biorthogonal partners Vn(x;α,β,N) of the rational
functions Un(x;α,β,N), are obtained from the operators X(α,β), Y (α,β) and Z(α,β) under the
symmetry operation S given in (4.3) supplemented by the exchange T + ↔ T −. It follows as
expected, that the operators X˜, Y˜ , Z˜ satisfy the relations (7.1)-(7.3) of the same quadratic algebra
RH with α replaced by α − β − 2. in the parameters ξi.
Remark 7.2. We will also point out that the algebra presented above can be derived from a
potential and share in that a property of most Calabi-Yau algebras [14], [15] of dimension 3. Let
F = C[x1, x2, . . . xn] be a free associative algebra with n generators and Fcycl = F /[F,F ]. Fcycl has
the cyclic words [xi1 , xi2 . . . xir ] as basis; these can be viewed as oriented closed paths. The map
∂
∂xj
∶ Fcycl → F is such that
∂[xi1 , xi2 , . . . xir ]
∂xj
= ∑
{s∣is=j}
xis+1xis+2 . . . xirxi1xi2 . . . xis−1 (7.7)
and extended to Fcycl by linearity on combinations of cyclic words. Let Φ(x1, . . . xn) ∈ Fcycl. An
algebra whose defining relations are given by
∂Φ
∂xj
= 0, j = 1, . . . n (7.8)
is said to derive from the potential Φ. Now let x1 =X , x2 = Y and x3 = Z and take
Φ = [XY Z] − [Y XZ] − [X3] − ξ1[X2Z] − [XZ2] − [Y Z2]
−
ξ1
3
[Z3] − ξ4
2
[X2] − ξ2[XZ] − [Y Z] − ξ3
2
[Z2] − ξ0([X] + [Z]). (7.9)
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With this, it is not hard to see that the relations (7.1), (7.2) and (7.3) of RH are respectively
given by ∂Φ
∂Y
= 0, ∂Φ
∂Z
= 0, ∂Φ
∂X
= 0 and that the algebra associated to the bispectral properties of the
rational functions of Hahn type derives from the potential (7.9).
8. Conclusion
In summary, we have found that the bispectral properties of the rational biorthogonal functions
of Hahn type are described by a triplet of operators X,Y,Z. These operators are tridiagonal in
three bases naturally associated to the context: the canonical basis on a linear grid, the ratios of
Pochhammer symbols and the rational functions themselves. These operators all induce the same
shift in one parameter of the rational functions accompanied by factors that are either constant,
involving the variable only or depending solely on the degree. This entails the bispectrality of the
rational functions. Indeed, as a result of these factorizations and of the tridiagonal actions, the
difference equation and the recurrence relation emerge simply from generalized eigenvalue problems
associated with two pairs of operators out of the triplet X,Y,Z. This offers a parallel in the case
of biorthogonal rational functions to the description of bispectrality in terms of Leonard pairs for
orthogonal polynomials. Of note in addition is the fact that factorization also occurs in the basis
consisting of ratios of shifted factorials so that the associated GEVP can be solved directly and the
rational functions explicitly obtained much like the bidiagonal action of Leonard operators in the
split basis permits the determination of the associated orthogonal polynomials from a two-term
recurrence relation.
It would be very pertinent to construct the representations of the algebra RH that the triplet
X,Y,Z realizes; this is a project we have in mind as these representations should encompass the
characterization of the rational functions of Hahn type.
We trust that this general framework extends, beyond the case we have studied, to other bis-
pectral rational functions. It would hence be relevant to explore how it is realized for other
biorthogonal rational functions of interest such as those of Wilson [1] or their specializations [2].
(A central question is the identification of tridiagonal operators that admit factorization instead
of the Leonard mutual diagonalization.) We certainly plan on doing that with an eye to iden-
tifying the associated algebras and elaborating a general representation theoretic description of
biorthogonal rational functions that are bispectral.
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